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Abstract
We review some results concerning multiplication of distributions us-
ing a pedagogical approach: we will first sketch the problems which
may arise trying to multiply two distributions and. after discussing
some mathematical tools. we will introduce several definitions of mul-
tiplication. In particular we give the details of a recent definition
which works in any spatial dimension. As a particular application,

we prove that delta functions and their derivatives can be multiplied.

Keywords: distributions: delta functions: functional analysis

1 Introduction

This paper was originally motivated by the request of writing something
mathematically rigorous and, at the same time, clear for an audience mainly
of engineers. For this reason, after this short introduction, we will discuss
first few general facts about distributions, showing in particular that multi-
plying two such objects may be a rather dangerous operation. After that we
will set up a mathematical framework where distributions take their place,
discussing explicitly some mathematical tools, generally well known to any
mathematical audience, that will be used in the rest of the paper. Finally
we will introduce and discuss few different multiplications of distributions
which we have originally defined elsewhere, and we will show that in this

way we bypass the difficulties previously discussed.
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Therefore we don’t really know what 8(z) is if = # 0, while () is infinite
if x = 0. This makes quitc hard to consider &(z) as a canonical function,
which associates to each value of a certain domain one and only one finite
value of the related codomain.

Nevertheless, it is quite useful in a huge number of applications to have

mathematical object which behaves in the following way:

4&I-mﬁ@ﬁ¢=ﬂm) (2.1)

for all functions f(x) which are at least continuous in xo. This is a second
well known property of the delta functions, and it is actually taken quite
often as its definition. It can be proven that no locally integrable positive
function exists which satisfies (2.1). see Appendix. However we can still
try to define §(x) as a suitable limit of certain functions.

With this in mind we define the sequence §,(z) = nrect(nz), where

oy={ ! “asT<s
rect(x) =
0 otherwise.

It is easy to check that {6,(z)} does not converge pointwise in R. In
particular, it is quite easy to understand that it cannot be converging in
z = 0, since the sequence {4, (0) = n} diverges to +co. On the contrary if
xo # 0 the sequence {J,(xp)} converges to 0.

However it is casy to check that for all continuous functions f(x) the

following holds:

EQA%@ﬂ@m=ﬂ®:4M@ﬂwm (2.2)

Indeed we have, using well known elementary analysis to compute the
integral

_4%mﬁmmm=¢[ff@mI:nK§;+§gf@m]zﬂ&x

where % + ﬁ is the mcasure of the intecgration interval and &, is a certain
point in this same interval. Of course when n — oo the interval [—5%, 5]
becomes smaller and smaller and therefore &, tends to zero. Using now the
continuity at the origin of the function f(x) and formula (2.1) we conclude
that
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b /R On(2)f(2)dz = lim f(&n) = f (,lggxo fn) = f(0) = /R 5(z) f(z)dz.

The mecaning of what we have seen so far can be summarized as follows:
the sequence &,(x) does not converge for all © € R but it converges in a
weak sense, i.e. when smeared with a continuous function. Moreover, the
weak limit of 8,(x) behaves exactly as 6(x) in (2.1). In other words: we
can introduce a delta function as the weak limit of a certain sequence!

We want to remark two important aspects of this procedure: first of
all there exist many other possible sequences {d,(z)} converging weakly
to 0(x). These are the so-called delta-sequences, and can be constructed
for instance starting from an even, non-negative, C*°-function ®(x) with
support in [—1,1] and defining 8,(z) = n®(nz), Vn € N. Again. for each
f(z) continuous in z = 0, formula (2.2) holds. The second remark, which
is crucial for what we want to discuss in the rest of the paper, is that this
same approach does not work if we try to define §%(x). Indeed if we repeat
the same steps as above it is clear that lim, o [ 82(z) f(z)dz does not
exist for all continuous functions f(x) but only, at most, for those which
go to zero fast enough when x — 0. This is the main reason why we say

that the square of a delta function cannot be defined!

2.2 The Schwartz framework

Defining the delta function via a weak limit is not the most convenient
way to proceed. For this reason we discuss here a rigorous framework,
first proposed by Laurent Schwartz, [9] and references therein, where the
distributions appear as natural objects and no weak limiting procedure is
needed, in principle.

We begin by defining two spaces of regular functions which will play a

major role in the treatment of the distributions. Let
D(R) = {h(x) € C*° compactly supported in R} . (2.3)
and

S(R) = {g(a:) e C>: 1i|m lz[fgW(z) =0, V1€ NO} : (2.4)
|l oo
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F,, is the functional associated to §(z — zp), and is defined on a proper
subset of L2(R), S(R), (and therefore also on D(R)). Of course definition
(2.6) cannot be extended to all of L2(R) since in the Lebesgue theory the
value of a function in a single point (or in a set of zero measure) is a
meaningless notion.

It is worth stressing that the rigorous definition of the delta functional in
equation (2.6) is F,,[f] := f(z0), while the other part of the same equation
has only to be considercd as a convenicnt cxtension of formula (2.5) where,
however, we are introducing a intrinsically not well-defined object, §(x—x0).

as if it was a regular function.

Definition 2.2 A functional T on D(R) is continuous if, for each sequence
{¢i} € D(R) Tp-convergent to a certain ¢ € D(R), then T[p;] — T[¢] in
C. Any such functional is a distribution. The set of all the distributions
is called D'(R).

In complete analogy we have the following:

Definition 2.3 A continuous functional on S(R) is a tempered distri-
bution. The set of all the tempered distributions is called S'(R).

The following inclusion holds: §’'(R) € D/'(R). Now it is a trivial exercise to
check that both F), in (2.5) and Fj, in (2.6) are continuous functionals on
D(R), for each p(z) € L2(R) and for each zy € R. Therefore they are both
distributions. Moreover, it is possible to check that they are also tempered
distributions.

Let us now prove, as an exercise, that F, is continuous on S(R). For this
we recall that if {f;} Ts-converges to f, then we also have || f; — fll2 — O.
Therefore, using the linearity of F, and the Schwarz inequality, we have
IFfil - Flfll =l <efi>—<eof>=1<eofi-f>]<
lellallf; — fllz — O, which is what we had to prove.

On the distributions we can operate almost as for ordinary functions.
More in details: two distributions T; and 7% are equal if they act in
the same way on any test function, ie. if Ti[g] = [p fi(x)p(z)dz =
Jg fol@) o(z) dz = T3¢, for each p(x) € S(R) or for each p(x) € D(R).

Moreover, given two distributions 77 and T5, their sum is defined as
(T1 +T2) [0} = Thle] + Taly), Vio(z) € D(R). Also, if « € C and T € D'(R),
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we define a new distribution (a7) as (¢T)|¢] = a(T[¢]), Vo(z) € D(R).
Finally, we can also define the derivative of such an extremely singular

object via the following integration by parts-like definition:

dkT ( U)

w(z) dz := (—1)* / T(x) ch *’(I) z, (2.7)

for k=10,1.2,... and for all ¢(x) € D(R). This is surely well defined since
the right hand side exists because, since p(x) € D(R), then & ¢(r) € D(R)
as well for all £ > 0.

Let now £ C R be an open set. We say that the distribution 7" vanishes

in Q if T[] = 0 for all p(x) with support in 2. The support of T is the

complement in R of the largest open set on which 7" vanishes.

2.3 More mathematics

In what follows we will need few notions on analytic functions. We begin
with the definition itself of an analytic function f(z) = w(z,y) + iv(z,y),
with © = z+iy € C. Here we have introduced the real (u(z, y)) and the com-
plex (v(z, y)) parts of f(z), and we have observed that each complex number
= x4y can be put in one-to-one correspondence with (z,y) € R2. Such a
complex function f : C — C is said to be analytic if it admits derivative for
each z in its domain, D(f). Necessary and sufficient conditions for this to be
true are the well known Ceuchy-Riemann conditions, g—;—‘ = g—;, —g—;—‘ = gg
with w and v differentiable in D(f) = {(x,y) € R? : = + iy € D(f)}.
For analytic functions many results exists in the literature, starting with
the Cauchy thcorem which states that f,y f(z)dz =0 if v is a closed curve
all contained in a simply connected region, passincr through the integral
formula for f(z) analytic in a region R: f(2) = o ff f ’dz for cach 2
internal to v C R and arriving to the Taylor and the Laurent expansion.
We refer to [10] for further readings.
Analytic functions are useful here because of the following regularization

procedure, which was introduced in [7], and where it is proven that, given
a distribution T' with compact support, the function

T(2) = ! /Rde (2.8)

o oz — 2
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exists and is analytic in 2 in the whole z-plane minus the support of T.
Moreover, if T'(z) is a continuous function with compact support, then
Trea(z,€) = TO(x + ie) — T(z — ie) converges uniformly to T'(z) on the
whole real axis for € — 0%. Finally, if 7" is a distribution in D'(R) with
compact support then Tyeq4(z, €) converges to 1" in the following weak sense

o

7(6) =ty [ Toeale.€) $(o) do

-0

for every test function ¢ € D(R).

As discussed in [7], this definition can be extended to a larger class of
one-dimensional distributions with support not necessarily compact, V'(R).
while it is much harder to extend the same definition to more than one

spatial dimension.

The next mathematical result we want to discuss here, and which will
be very useful in the following, is a second regularization procedure known
as the sequential completion. This is related to well known results on
the regularity of the convolution of distributions and test functions. Let
¢ € D(R) be a given function with support in [—1,1], supp(¢) C [~1,1],
and [ #(z)dx = 1. As already discussed before. we call —sequence the
sequence &, n € N, defined by §,(z) = n¢(nx). Then, VI' € D'(R), the
convolution T (z) = (T * 6,)(z) = [ T(y)0n(x — y) dy is a C—function
for any fixed n € N. The sequence {7;,} converges to T" in the topology of
7', when n — oco. Moreover, if T(z) is a continuous function with compact
support, then 7},(z) converges uniformly to 7'(z). A detailed proof of these
convergence properties can be found, for instance, in [4]. We will return on
these and other features of the sequential completion later omn.

One of the most important tool used in [1, 2, 3] is the so called Lebesgue
dominated convergence theorem (LDCT) which gives sufficient conditions
to exchange a limit with an integral. More in details, it is well known that
given a sequence of continuous functions { fn(x)} uniformly convergent to
f(z) for each z € {a, b}, with 0 < b—a < oo, then f(z) is Riemann-integrable

and

nh—rn;o /b folx) dr = /b 71151;0 fo(x)dz = /b f(z)dz.

Of course, uniform convergence is a very strong requirement. Moreover,

the above result cannot be proven in general if the interval [o, b] is replaced
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If we assume ® to be of the form

N rm xp{zz 1} |z} < 1 )
P(x) = { O, | > 1. (3.4)

where m is an even natural number and N, is a normalization constant
. . 1
which gives [, ®(z)dz = 1, and we put 4; = [ 20 gt whenever it

oot
exists, we have proved that:

if m > 1 then

1425, a=28
0296 =q T 7 ' 3.5
( )(a.5) { 0, o> 23 (3.5)
if m > 2 then
(0@ ap =0 Yo > 33; (3.6)
if m > 3 then
=54, a=4p3
& @d = 7 3.7
(6" @ 8 )(ap) { o o> 4. (3.7)
Also, if m > 3 then
S A48, a=4p3
596 oy =9 & 3.8
( Yiad) { 0, o > 4. (3:8)
If mm > 4 then
( &= O")(a 3) = =0 Yo > 53. (39)

Finally, if m > 5 then

120 465, o =673

5 @8 0 = i 3.10
( )( A) { 0, o > 6. ( )

It is worth stressing that. because of our technique which strongly relies
on the LDCT, the above formulas only give sufficient conditions for the
product between different distributions to exist. In other words: formula
(3.5) does not necessarily implies that (0®0)(,,3) does not exist for o < 2.
In this case, however, different techniques should be used to check the
existence or the non-existence of (6 ® 6)(q,g)-

More remarks on this approach can be found in [1] where, in particular
the above results are extended to the product between two distributions
like 69 and 6 for generic I,k = 0.1,2,.... Again in [1] we have also
discussed in some details two applications of our multiplication to quan-

tum mechanical systems. The first model is described by the hamiltonian
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Analogously we put. when they exist,

(S 2a T)iap(P) = I (S 2 T)H(P). (4.5)
and
(S Pew T) (o () = M (S Cex T7)&8) (). (4.6)
. OO

Whenever they exist we have (S @ S)(a5)(¥) = (S 9 S)pa(¥) =
(S @4 S)(apm(¥) = (S Cex )(ap)(¥), for all ¥(x) C D(R) while they arc
different, in general, if S # 7. Of course. the existence of these limits in
general will depend on the values of o and 3 and on the particular choice
of ®(x). For this reason. as in [1, 2], we are really defining a class of
multiplications of distributions more than a single one.

We have:

1. if S(z) and T'(z) are continuous functions with compact support then
(82 T) o) (¥) = (5 24 T n(¥) =

= (8 Tea T)(ap)(T) = /R S(x) T(z) ¥(z) dz. (4.7)
for all ¥(z) € D(R) and for all o, 3 > 0.

2. for all fixed n, for all o, 8 > 0 and for all ¥(x) € D(R) we have
(S ©g T) &P (W) = (S Gep 1) (V) (4.8)

3. for all n, o, B > 0 and for all ¥(z) € D(R) we find

(S ©q T)OP) (W) = (T 34 §)P) (V) and (4.9)
(S Gex TP (V) = (T Dew S)P (¥) (4.10)

4. given S, T € T’'(R) such that the following quantitics exist we get
o 1 o g
(S @ T)(ap)(¥) = 5 {5 24103 (V) + (5 Cea L ep ()} (4.11)

We will now discuss few examples of these definitions, beginning with
the maybe most relevant one for concrete applications, i.e. with the multi-

plication of two delta functions.

Example nr.1: (8§ & 98), 4
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where @ is the derivative of ®. Again, it is easy to check that the limit
of this sequence does not exist, if a = 3, for all ¥(z) € D(R) but only for
those W(.r) which go to zero fast enough when @ — 0. Of course, this is not
what we want. Let us then consider (J§ &y (5');‘1‘*9) (V) for & > 3. In this
case we can write

1
(8 =g )\ (W) = n? / () @ (xn’~™) W(an™) du,
J =1

and by the LDCT we deduce that

. . Knd(¥), a=pgnot
(0 2 O’)(a.ﬁ)(\I/) = { / mol (414)
0. o> g me,

where Ky = 0 j; ML () dir.

The situation is completely different for the (6 © §")(g.4)(¥). Indeed, it
is not difficult to understand that the LDC'' cannot be uscd to prove its
existence. The reason is quite general and is the following:

supposc that for two distributions 7" and S in D'(R) (1'©q 5)(a,3) exists
for « and 3 such that o > v3, where 7 is some constant larger than 1 (which

— m—H

appcars because of the LDCT). For instance v = , while

in Example nr.1l we had v =1+ E' Therefore, since if (S Der 1) (3.0) and
(S 4 1) (a3 both exist then they coincide, using (4.11) we have 4

~ 1 e 3~
(S5 Do (¥) = 5 {(S2a D) (V) + (8 Da T) g0 (¥) } (4.15)

Of course, (5 T) (a3 (W) exists if (S g T)ag)(¥) and (S @4 T)(5,q0)(F)
both exist. which in turn implies that o > ~3 and, at the same time,
that 8 > va. These arc clearly incompatible. Thercfore in order to check
whether (S @ T7)(, 3)(¥) exists or not it is impossible to use the LDCT:

some different strategy should be considered.
R SVAPNEY
Example nr.3: (6’ ©4"), 5
As for Example ur.1l we remark that also now the @, ®4 and ®e, mul-
tiplications coincide. If the following limit exists for some «,3 > 0, we
have

(6" = (5/)(a,;3) (T) = (&' >((3 o (F) = lim 6 @)y 5, () U (x) de =

n.oo fp

= lim 'rL2°+2/a/ O (n” ) @' (n° x) W(x)du,
R

n, 20
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‘,ﬂ‘”@) = n%®(nz), for v, 3 > 0. As usual, T,(la)(g) and S (z) are both

C functions. so that the following integral surely exists:

(8 = T = 5 / [s@ @+ sP @ T @) e dz
o (5.1)
v W¥(z) € D(R?). As before the two distributions S and /' are Z-multiplicable
if the following limit exists independently of ¥(z) € D(RY):

(S5 T (®) = lim (S5 T (D). (5.2)
n,oc

We consider in the following the ‘H-multiplication of two delta functions,
considering two different choices for the function ®(z) both extending the
one-dimensional choice in (3.4).

The starting point of our computation is the usual one: if it exists,
(0 2 0) (a3 (¥) must be such that

(6 2 0) (o (¥) = lim piete /Rd ®(n® z) ®(n” z) U(z)dz.

n,oo

Again. this limit does not exist if &« = 3, but for very peculiar functions
U(z). If we consider what happens for o > 3 then the limit exists under
certain extra conditions.

For instance. if we take ®(z) = Hj:l ®(x;), where ®(z;) is the one in
(3.4), the computation factorizes and the final result, considering also the

symmetry of the multiplication, is a simple extension of the one in (4.13):

BLo(W), a=3(1+L1)" ora=8(1+41)
0. a<8(1+8)7 ora>p(1+d),
(5.3)

A different choice of ®(z), again related to the one in (3.4), is the following:

(02 0)(an (V) = {

ffe || 1 )

Cb(i) _ N CXP{MHz_l}y H£“ <1 (, 4)
0, lzll > 1,

where N/, is a normalization constant and ||z|| = \/z% + ---z2. With this

choice, defining C,, = V}—c f:R{ |zl ®(&) dz and using the symmetry property

of T (a3 we find

Cnd(®), a=B01+%)" ora=8@1+4%

55 0) i () = _ n
(0= (V) {(). a<3(1+2) ! ora>,6(1+—r‘f7).
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then t(r) is Lebesgue-cquivalent to the function T(z) = 0, V& € R. Let

T

now take po(r) =e” *. Then we can conclude that

/ tHz) p(r)de = / T(z) p(x)dx = 0.
JR JR
But. on the other hand. we should also have [, t(x) () dz = ©(0) = 1.

and these are incompatible.
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PODEJSCIE DYDAKTYCZNE DO PROBLEMU MNOZENIA
DYSTRYBUCIJI W PRZESTRZENIACH O DOWOLNYM WYMIARZE

Streszczenie

W artykule przedstawiono podejscie dydaktyczne do zagadnienia mnozenia dystrybu-
cji. Na poczatku pokazano na poziomie podstawowym, jakie problemy pojawiaja sig.
gdv mnozone s dystrybucje. Nastepnie wprowadzono zaawansowane narzedzia ma-
tematyczne do analizy problemu i podano szereg uzytecznych definicji mnozenia dys-
trybucji, ktére moga mie¢ zastosowanie w naukach inzynieryjnych. W szczegolnosci
przeanalizowano doglgbnie mozliwosci jednej z zaproponowanych definicji dla mno-
zenia dystrybucji i jej pochodnych w przestrzeniach o dowolnym wymiarze.

Stowa kluczowe: dystrybucje. funkcje delta. analiza funkcjonalna
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VOIP AS A PRECURSOR OF NEXT GENERATION NETWORKS

Tadeus Uhl

Flensburg University of Applied Sciences
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tadeus.uhl/@'th-tlensburg.de

The aim of this paper is to sketch out the concepts, standards and properties associated
with the new service Voice over [P (VoIP). The paper also includes a comparison of
Internet telephony and Public Switched Telephone Network (PSTN) telephony. This
comparison throws light on areas in which there is still a great deal of work to be
done. The paper will then assess whether VolP can genuinely be considered to be
a precursor of Next Generation Networks (NGNs). For a more practical discussion of
this issue. the definition of an NGN will be used as a starting-point. A commentary of
the unsolved problems arising from this discussion then follows. The paper concludes
with a summary.

Keywords: communication networks, communication services, communication proto-
cols. network architecture. multimedia applications. IP. VoIP, NGN

1. INTRODUCTION

Telecommunications technology has developed enormously in the last hundred
years or so. Among the basic inventions that were to become the main driving forces
behind this development are: pulse code modulation (1939; Reeves), semiconductor
technology (1947, Bardeen, Brattain and Shockley), laser diode (1962; Hall) and optical
fibre (1966; Kao and Hockham). Thanks to these inventions, digital transmission
(1960), then digital switching (1965) and finally optical transmission (1973) became
a reality. and analog communications networks were replaced by digital networks.

The networks ot the past and even some present-day networks belong to the group
of networks known as dedicated networks (each service requiring its own network).
This changed towards the end of the nineties, however, with the introduction of ISDN
(Integrated Services Digital Networks) and a new brand of networks arose known as in-
tegrated networks, the word integrated referring to the multiple services that these net-
works support. This process of integration has continued to this day: modern GSM,
UMTS and TV networks, and the World Wide Web are all integrated service networks.

The services themselves that the networks transmit have also undergone an equally
rapid development, especially in the last twenty years. The variety of services offered
today is very wide indeed. The most recent developments include high-speed data trans-
fer, VoIP, SMS, MMS, home banking, WWW, audio/video on demand, teleconferenc-
ing, messaging and, most recently, an increasing trend towards [PTV. Many of these
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applications have become very popular indeed. Parallel to the development of these new
services, we have witnessed the recent appearance of innovative systems designed to
exploit the impressive multimedia capabilities of the IP platform. A good example of
such systems are the so-called e-learning systems, that are widely used in education.
In the near future, we can definitely expect a variety of other innovative services and
high-capacity communications systems to flood the market.

One new technology that has evolved rapidly in the last seven years is Voice over
IP (VoIP). VolIP requires an IP transport platform. Several standards (e.g. H.323 [7],
SIP [14]) have been published in the last few years, allowing this service to become
a reality. There are several VoIP systems on the market, (Siemens’ HiPath 5000 and
OpenScape, Innovaphone PBX from TLK Computer GmbH, SIPSTAR [P-PBX from
Nero AG, OmniPCX Enterprise from Alcatel AG, Cisco CallManager from Cisco Sys-
tems GmbH, ASTERISK from DIGIUM, etc.) that work in accordance with the stan-
dards named above. VolIP is becoming incredibly popular. There are already about half
a million subscribers in Germany alone that have opted for this Internet-based form of
telephony. The technology is particularly popular among subscribers who frequently
make international calls. Among other things, this paper will show what opportunities
this innovative, multimedia application offers but also where its limitations lie.

2. ARCHITECTURES FOR VOIP

The architectures for VoIP in fixed-line networks and mobile communications
networks have already been decided upon. Here. first, a presentation of the architecture
for VolIP in fixed-line networks (Fig. 1).

VoIP Client VolP Client LAN
] ]
I i |
VolP Gatekeeper VoIP Gateway VoIP MCU
ISDN
VolIP Client VolIP Client VolP Client

Fig. 1. Architecture for VoIP in Fixed-line Networks
Rys. 1. Architektura VoIP dia sieci stacjonarnych

Fig. 1 shows clearly the four main constituents of the VoIP architecture: terminal,
gatekeeper, gateway and multipoint control unit. The terminal comprises the user termi-
nal equipment and supports voice, video and data communication. The gatekeeper pro-
vides the terminals and gateways with services for authentication and call control. The
gateway is the interface between heterogeneous networks such as the LAN and the
ISDN net. The multipoint control unit is needed to support conferencing.



VOIP as a precursor of next generation networks 31

Fig. 2 represents the architecture for VolP in mobile communications networks.
The figure clearly shows the four main constituents: PoC client. PoC server, presence
server and GLS. The PoC client is a user terminal and supports the PoC service (Push to
Talk over Cellular — the first implementation of the VoIP service in mobile communica-
tion). The PoC server provides the PoC service on the basis of the protocol SIP and the
GLMS controls the management and administration tasks of the mobile wireless net-
work. Last but not least, the PoC clients gain access to the PoC service over the radio
channels of the GSM/GPRS or the UMTS. It is also possible to access external PoC
networks via a gateway.

GILMS Management/ Administration

I

GLMS

lGM

A
A 4

' g Presence
Server

IP Core with SIP

VolIP Client (e.g. PoC)
Access Network
Remote VolP Network

| N PoC Server P

7'y
A
A
. 4

lC M ICM

Fig. 2. Architecture for VoIP in Mobile Cormmunications Networks
Rys. 2. Architektura VolP dla sieci mobilnych

Two signaling protocols — a) H.323 from ITU-T and b) SIP from IETF - can be
used in both architectures. These protocols are to be found in the application layer of the
logical model of the Internet. They draw on the TCP an UDP protocols located within
the transport layer and the IP protocol in the network layer. This will be dealt with in
more detail later.

For the moment, let us turn our attention to the H.323 Standard. Fig. 3 shows
where the H.323 standards for VoIP are located within the layer model. Signaling in
H.323 is done using the three protocols H.225.0. H.225.0 RAS (used optionally) and
H.4435. There are two possible configurations of the signaling protocol: either with or
without a gatekeeper. In the case of the more frequently used option using a gatekeeper,
an H.323 connection can be broken down into five distinct phases [1, [8]:

— the signaling phase through H.225.0 RAS (client A calls client B via the gate-
keeper).
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— the connection control of the logical voice channels through H.245 (done directly
between client A und client B),

— the conversation phase during which not only voice packets but also control packets
are constantly exchanged,

— the release of the logical voice channels by H.245,

— the release of the bandwidth used by the gatekeeper and confirmation to the sub-
scriber that the connection has been terminated.

Audio/Video System Control Unit Data

Application -
G.711
G.722 H.261 RTCP - _ H.245 T.120
G.723.1 H.263 < = s
G.728 & ==
G.729 ﬁ ;'5 ;u

RTP
UDP TCP
Network Layer (IP)
Network Access Layer
Fi Overview of the VoIP Protocol Suite according to H.323

. D,
R)gs. 3. Stos protokolarny dla ustugi VoIP zgodnie ze standardem H.323
Fig. 4 shows where the SIP standards are to be found within the layer model. It is
immediately clear that there is only one signaling protocol. Two different configurations
can be used for the establishment of an SIP connection: the redirect mode and the proxy
mode. And the connection behaves differently as well, depending on which mode is
chosen. In both cases, however, a so-called location server supports the SIP server with
the addressing. When the more frequently used option — the proxy mode configuration -
— is used, there are three phases to the SIP connection (in contrast to the five of H.323!)
{1, 19]:
- the signaling phase used for the establishment of the connection (client A calls client
B via the proxy server),
— the conversation phase during which not only voice packets but also control packets
are constantly exchanged, (directly between client A and client B),
— the signaling phase during connection release (also done via the proxy server).
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Fig. 4. Overview of the VolP Protocol Suite with the SIP
Rys. 4. Stos protokolarny dla ustugi VolP z protokotem SIP

The following presents a comparison of the two signaling protocols described
above (cf. Table 1).

Table 1. H.323 and SIP in comparison
Tabela 1. Porownanie protokotow .323 i SIP

phases (-)

Property H.323 (+/-) SIP (+/-)
Coding ASN. I-based. complicated (-) Text-based. simple (+)
Handling involved procedures in several quite straightforward procedures in

few phases (+)

Name Lookup

well-suited to PSTN numbering (+)

problematic conversion to [P number-
ing ()

Compactness

complex due to extensive program
code (—/+)

relatively compact initially, but com-
plexity increases steeply with in-
creased ease of telephony (+/-)

Expandability

clear-cut. well-conceived method of
expandability (+)

expandable in principle, but no man-
agement has been implemented as yet
for any ensuing expansions (-)

It can be seen that there are advantages but also drawbacks to both protocols. It is
difficult to choose a clear favorite for VoIP. And this is how it turns out in practice;
several companies that design and build VolP systems have decided to put their eggs in
both baskets. Slowly, however, SIP seems to be getting the edge.

Both signaling protocols can be used to good effect on [P transport platforms,
which. as is generally known, were not developed for hard real-time services. So the
questions arise: Just how efficient are IP platforms, and can they be used for time-
critical services such as VolP? The following section is dedicated to these issues.
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according to ITU G.114, or packet loss < 22%) have been laid down and are guaranteed
by network providers. This is not the case with Internet telephony (a variant of VolP).
What is more: the transmission of voice packets on an [P platform does not take place
over dedicated channels and is done according to the principle of “best-effort delivery™.
It is also to be noted that QoS in VolP is greatly influenced by the codec’s used that are
frequently heterogeneous and incompatible with one another. So the lack of
a guaranteed QoS in VolP must be seen as a great drawback.

In PSTNSs, the voice service comes with a range of handy features, e.g. call diver-
sion, call hold, call park and pickup, call waiting, message waiting indication, name
identification, call completion, call offer, and more. Besides allowing the subscriber to
make a call Internet telephony offers very few other service features, and these vary
from provider to provider. This is a further shortcoming of VolP. To be fair, however,
VolP does offer quick and easy conferencing; so that is one thing in its favour.

But PSTNs also offer the so-called intelligent services such as emergency response
service, universal number, green number service, etc. The regulatory authorities in
many countries stipulate that PSTNs must maintain a number of services, not least of
which is the emergency response service. Services like these are not yet possible in
Internet telephony and this does not seem likely to change in the foreseeable future: yet
another disadvantage of VolIP. At this point it seems fitting to mention the IETF specifi-
cation known as SPIRITS (Service in the PSTN/IN Requesting Internet Service) [11].
Perhaps this will eventually solve the problem.

PSTNs are some of the most reliable communications systems. To prevent eaves-
dropping and misuse of information, only the network providers™ technicians are per-
mitted to make measurements in the network (except. that is. at the subscribers’ termi-
nal equipment) and so it is not easy to gain access to the transport platform. IP transport
platforms are another matter entirely. Currently available protocol analysers (e.g. Ethe-
real) are capable of receiving the RTP packets [10] used in VoIP sessions and decoding
their contents - a further weakness of Internet telephony. Firewalls can offer the com-
panies that use VolIP a little security in this respect, but their use does sometimes make
billing a tricky matter. In any event, the accounting systems must have access to the ac-
counting data stored within the protected intranet, and that it where the problems arise.

Regulatory authorities demand that all PSTN subscribers be uniquely identifiable
and traceable. In Internet telephony dsl connections are often used. and this means that
IP addresses are allocated dynamically (by the DHCP [12]). What is more: they are for-
ever being changed. and identifying the subscriber requires a great deal of effort and is
only possible when services providers are prepared to divulge data. The terminal
equipment (and that includes mobiles) may use different platforms to gain access to the
VolP service. And that being the case. it cannot be guaranteed that the subscriber can be
traced. But this must be a basic requirement of a number of services. especialh: the
emergency response service: yet another weak point of Internet telephony.

Telecommunication legislation also stipulates that authorised eavesdropping be
possible on PSTNs. This is a considerable challenge to their providers. Internet teleph-
ony is currently marketed by several providers. It is frequently the case that the systems
they use implement different communications protocols, coding methods, management
systems, etc. In some systems (e.g. OpenScape) signaling is encrypted for instance. This
all makes for a quite heterogeneous Internet telephony landscape. Neither do VolP pro-
viders have systems to store connection data and conversations, so eavesdropping is im-
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possible. This can be considered as both an advantage (from the subscribers’ point of
view) and a disadvantage (from the legislator’s point of view).

As already mentioned above, compatibility between the various VolP systems is
currently practically non-existent. Bridging the networks is difficult, and the number of
gateways that have to be implemented to interwork the networks is therefore consider-
able. This hampers any attempt to integrate the networks. Standardisation work (e.g.
MEGACO Standard [9]) is one way to solve the problem, but it will be a long and ardu-
ous task — another reason for not switching to VolP.

It can be said in conclusion that it will be a long time before Internet telephony has
the properties and features that one has grown to expect from PSTN telephony. A con-
siderable number of problems have to be solved as quickly as possible. This will con-
tinue to be a great challenge to designers and manufacturers of VoIP systems and net-
works. There is, however, one overriding advantage to VolP: it effectively uses state-of-
the-art technology in its transport system, i.e. packet-switched communication and
thanks to the Internet, this technology is already available worldwide! This technology
has also been designated as the prerequisite for Next Generation Networks [17]. So the
question arises: Is VolP a precursor of NGNs? The next section provides an answer.

5. IS VOIP A PRECURSOR OF NGN?

First of all a detinition of NGN in the terms of ITU-T Y.2001 [6]:

A Next Generation Network is a packet-based network able to provide telecom-
munication services and able to make use of multiple, broadband, QoS-enabled trans-
port technologies and in which service-related functions are independent from underly-
ing transport-related technologies. It offers its users unrestricted access to different ser-
vice providers. It supports generalized mobility, which will allow consistent and ubiqui-
tous provision of service to users™.

This definition describes several distinct characteristics of an NGN. They are real-
ised in VolP in the following ways:

1. Packet-based transter. VoIP fulfils this requirement without question.

2. Separation of control functions. A complete separation of signalling data and user

data transfer has not yet been achieved in VolP; the two are handled together on an

IP platform.

Broadband capability. VolP uses a broadband platform. Unfortunately, bottlenecks

occur all too often at the access points; so recent attempts have been made to intro-

duce new access methods such as ADSL2, ADSL2+, VDSL with the aim to make
innovative. broadband services like TV over [P a reality and so ensure that VolP
continues to be a trendsetter.

4. End-to-end quality of service. This is one of VolP’s greatest deficiencies. For the
time being, there is no mechanism for reserving bandwidth in the IP platform or its
controlling. There is a great deal of work to catch up on in this area of VolP (as the-
re is with all time-critical services being transported on this platform). A solution
could be found in the near future with the introduction of the new Version 6 of the
IP protocol (that allows prioritising of data transmission). As long as the current [P
platform is used with IPV4, it is essential to use suitable methods for assessing QoS.
And that in turn assumes the availability and use of effective measuring equipment.

(99
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5. Interworking with legacy networks. Thanks to the implementation of specialised ga-
teways it is already possible to interwork VoIP, PSTN and mobile cellular networks.
Much effort is being put into the development of new gateways that will be able to
handle multiple signalling protocols and do this in a separate signalling layer (i.e.
separate to the transport layer).

6. Generalised mobility. VolP already fulfils this requirement thanks to recent advan-
ces in the areas of WLAN and mobile communication.

7. Security. Unfortunately, VolP offers inadequate security of communicated data, as
was pointed out in Section 4. One way to solve this problem would be, of course, by
encrypting the data streams. But let us not forget that data encryption can only be
achieved at the cost of a sharp increase in the capacity of any resources used.

8. Unrestricted access to different service providers. VoIP cannot fulfil this require-
ment either. Access is limited to particular service providers whose systems are
often incompatible with one another (e.g. SIPGate [15] and Skype [16]). Only a cle-
ar separation of application layer and transport layer can provide a solution to this
problem, and a great deal of work is being done in this direction. The first results are
already to be seen in the form of the specification Parlay/OSA from ETSI [8] (in the
Unified Modelling Language UML) or JAIN from Sun Microsystems [4] (in Java).

9. Compliancy with regulatory requirements. There is a great deal of work to catch up
on in this area of VolP, too.

All things considered, there is a lot to be said for the new service VoIP. It uses

a modern, high-performance technology — packet switching. VolP is one of the so-
called multimedia services that are particularly important these days. The use of this
service in many intranets and in the Internet has given both academics and practitioners
the opportunity to discover the strengths and weaknesses of services like these in practi-
cal environments. This is of great importance when it comes to designing and develop-
ing the brand of new, universal communications systems that NGNs will be. And that is
why the service VoIP can be considered as one of the first precursors of NGNs.

6. SUMMARY

In the course of this study, VoIP was considered in detail from both theoretical and
practical points of view. First, current VolP standards were discussed. Then concrete
measurements of VoIP were made with the aim of assessing the suitability of the IP
transport platform for the new service. The investigation showed that the IP platform is
actually an extremely competent transport system. Internet telephony and PSTN teleph-
ony were then compared. The study shows that VoIP is currently a long way from
matching the features of PSTN telephony. There is a lot of work to be done before these
discrepancies are eliminated. It will be a huge challenge to system developers. The
study concluded with an enquiry into whether VoIP can be considered as a precursor of
NGNs. A comparison of the features of NGN with the properties of VoIP showed that,
despite many provisos, this question can be answered in the affirmative. It became in-
creasingly clear in the course of the study, however, that academics are faced with many
interesting tasks that will have to be solved swiftly.

Any analysis of the communications market shows that the new service VolP has
actually become very popular; growth rates are increasing almost exponentially. The
main reason for this is that since the service was introduced, telephoning has suddenly
become very cheap. It is also quite easy to integrate the service in the terminal equip-
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ment with other services such as data services (Email, WWW, MMS, etc.). And the
worldwide availability of the Internet simply cannot be overlooked. All these are rea-
sons for VolP’s unprecedented proliferation.

However: As this study has shown, there is still a lot to do. Let’s get to it!
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VOIP JAKO PILOT SIECI NASTEPNEJ GENERACJI

Streszczenie

Praca zawiera krotki opis architektury sieciowej i standardéw dla ustugi VolP. Zawie-
ra ona rowniez wyniki badan dotyczacych oceny przydatnosci platformy IP do tej
ustugi. W dalszej czgsci pracy przedstawiono poréwnanie ustugi telefonicznej w in-
ternecie z ta ustuga w sieciach telefonii statej. Wyniki tego poréwnania wskazujg na
otwarte problemy do dalszych prac badawczych i rozwojowych. Koncowa czgsé pra-
cy poswigcono odpowiedzi na pyvtanie: Czy VoIP moze by¢ uznany za pilota nowej
generacji sieci. tj. NGN? Przedstawione oszacowania generujg wiele otwartych pro-
bleméw. ktére powinny by¢ wkrotce rozwigzane. Pracg koficzy podsumowanie.

Stowa kluczowe: sieci komunikacyjne, ustugi komunikacyjne, protokoty komunika-
cyjne. architektura sieciowa. multimedialne ustugi. [P, VoIP, NGN
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sures full duplex connectivity. The radiation power of the Bluetooth transmitters ranges
from -30 to 20 dBm. The maximum output power level of a specific transmitter may be
0, 4, or 20 dBm depending on the assumed power protection class. Receiving modules
have been designed to minimize the impact of interference and noise at the range end.
The cyclic redundancy check (CRC) control code and the forward error correction
(FEC) algorithm have been applied. Fast changes of the carrier frequency up to 1600
times per second (frequency hopping) and monitoring of the power level prevent the in-
terference effects [1, 2].

1.2. COMMON APPLICATIONS

Wireless communication between electronic devices undoubtedly brings a number
of improvements, first of all, increases the comfort of their usage. Applications of the
Bluetooth technology are almost unlimited [7]. The most typical include wireless Inter-
net access from mobile computers through a mobile phone, automatic, wireless data
transfer to mobile computers (files, e-mails) received by means of a telephone, wireless
data transmission between computers, and wireless connection with peripheral equip-
ment. The Bluetooth specification remains open, which allows permanent searching for
its new applications. It can also have an impact on introduction of completely new de-
vices. C-Pen — wireless pocket scanner with the OCR signs recognizing function, trans-
ferring data directly to a computer, Info-Wear — a device resembling a watch, function-
ally corresponding with a palmtop are already prototypes; Info-Wear Il — a “wireless
wallet”, enables customers to pay at the Bluetooth till without taking a credit card out of
a wallet!

In the authors’ opinion, apart from a number of applications of the Bluetooth sys-
tem partly enumerated above, which raise the usage efficiency of electronic equipment
for healthy people, the Bluetooth technology might also turn out to be helpful in the
construction of devices intended for handicapped people (for example the blind, hard of
hearing, or mute) and can considerably improve the standard of their life.

2. COMPETITIVE SHORT-RANGE WIRELESS SYSTEMS RELATED TO
THEIR APPLICATION IN BIOMEDICAL DEVICES

Nowadays there are quite a few telecommunication systems (including the Blue-
tooth) available on the market, ensuring wireless short-range data transmission between
devices. They can be distinguished by many parameters, such as achieved channel bit
rate, operating range and current consumption, if considering only the most consumer-
oriented parameters. Systems of short-distance cordless connectivity of low power con-
sumption, which couple various common, quite often mobile devices, serve for
WPANS, i.e., wireless personal area networks realization, while longer-range systems
of higher power consumption create WLANS, i.e., wireless local area networks. Cer-
tainly, we cannot definitely declare, which telecommunication system is better. Each of
them was optimized taking into account different applications. Thus they meet various
requirements. Although in some cases they can seem to be competitive, they of course
complement each other. This also takes place while implementing them in medical
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Depending on operating specificity of a given device, a choice of some technological so-
lutions can turn out more accurate, while others — pointless.

2.1. IRDA (INFRARED DATA ASSOCIATION)

Wireless [rDA connectivity technique making use of infrared radiation of 875 £25 nm
wavelength as a transmission medium is currently, perhaps, the most widespread system
of short-distance wireless data transmission though over the last years rival short-range
radio systems have been gradually pushing it aside. Although IrDA link throughput
amounting to 4 Mb-s™ (according to IrDA 1.3 specification [11]) offers slightly better
possibilities than the Bluetooth system (3 Mb-s™ according to 2.0 +EDR specification
[11), the necessity of placing cooperating devices in front of each other, severely limited
range, typically to one meter, as well as £15° propagation angle [12] undermine its use-
fulness. Furthermore the IrDA standard ensures data exchange between only two de-
vices, so simultaneous cooperation of even a few apparatus and connecting them into
a local mini-network are not possible in this case. These features exclude IrDA imple-
mentation in medical devices primarily because of too short range and narrow propaga-
tion angle, which can lead to transmission cutoffs. As far as file transfer between mobile
computers is concerned, we accept the requirement of reestablishing the connection but
while examining a patient by means of some diagnostic equipment it is out of the ques-
tion. In some examinations, especially invasive, a patient should not undergo them more
than once in a short time. Unusually short range and the necessity of placing [rDA trans-
ceivers in front of each other rule out the possibility of remote monitoring of examina-
tion process even from an assistant’s next-door room. Bearing features mentioned above
in mind, the IrDA technique should be viewed upon as undoubtedly inadequate for bio-
medical applications.

Recently introduced Area Infrared standard offers better parameters than the IrDA
interface. First of all. propagation angle got widened to +60°, a number of cooperating
devices was increased to 10, while the maximum transmission range — up to 8 meters.
However, extending the transmission range, significantly lowers the bit rate— even to
250 kb-s' [12]. Nevertheless, despite better properties of the Area Infrared standard in
comparison to the IrDA, its implementation in biomedical equipment still remains ques-
tionable — primarily because of an absolute necessity of direct “eyeing” between cooper-
ating units. Any disturbance of this condition leads to transmission latency or transmis-
sion holding and in the worst case — to its complete cutoff, which, at least as far as medi-
cal equipment is concerned, is unacceptable.

2.2. ZIGBEE (IEEE 802.15.4 STANDARD)

ZigBee is an interesting communication standard, which has been introduced quite
recently. Its radio range achieves 75 meters but its most useful properties are ultra low
current consumption and the resulting long battery working time exceeding even two
years in case of alkaline batteries. The ZigBee technology uses the following frequency
bands 868 ... 870 MHz, 902 ... 928 MHz as well as 2.4 ... 2.4835 GHz, offers, how-
ever, rather low bit rates, respectively 20, 40 and 250 kb-s™ [6], thus one order of magni-
tude less than the Bluetooth. It is a consequence of the imposed assumptions for this
standard specified only for low data rate applications. Various steering and control sys-
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tems, in which signal transmission occurs sporadically or periodically and commands
are encoded by means of some simple patterns, are a good example. Of course, in such
conditions, limiting power consumption becomes possible but a range of applying the
ZigBee narrows down drastically. Taking into account the role of the ZigBee standard in
medical equipment, only very specific telemetric devices, in which measurements are
cyclic, e.g., every few seconds or even less frequent, can be considered. The ZigBee
standard is not suitable for transmission of biological signals sampled at higher rates, so
applications connected for example with precise monitoring of human being’s functions
can be troublesome.

2.3. HOMERF TECHNOLOGY

HomeRF and Bluetooth technologies have a lot in common. Both systems ap-
peared around the same time, use 2.4 GHz ISM (industrial, scientific, medical) fre-
quency band and are applied both for data and voice transfer. The HomeRF ensures.
however, higher bit rate — 10 Mb-s" (according to HomeRF 2.0 specification [11]) ex-
ceeding Bluetooth achievements a few times. Considering operating range adjustment to
some specified needs as well as possibilities of limiting power consumption by transmit-
ter units in advance, the HomeRF technology turns out to be less flexible than the Blue-
tooth. This results from the basic assumption that the HomeRF network was to guarantee
50 m operating range tantamount to a typical flat. Employing the Bluetooth technology
in a given biomedical device we have got an opportunity to pick a transmitter of an ade-
quate power class that meets requirements for a specified application and reduces power
consumption simultaneously. For instance, for medical aid devices. whose components
are placed close to the patient, 10 m operating range is long enough. Energy saving is
especially important for portable battery-powered medical devices, in which either one-
battery working time or how often accumulators need charging decide upon their attrac-
tiveness.

2.4. WI-FI NETWORKS

Wi-Fi technology comprises, at this moment, three IEEE standards, namely:
802.11a (used in the USA), as well as 802.11b and 802.1 1g responsible for wireless lo-
cal area networks (WLANSs). Data transmission takes place in the following frequency
bands 5.1 ... 5.825 GHz (802.11a), 2.4 ... 2.4835 GHz (802.11b)and 2.4 ... 2.497 GHz
(802.11g), reaching 54 Mb-s™ bit rate in (a) and (g), and 11 Mb-s™ in (b) standard re-
spectively [6, 10, 11}. Among already enumerated systems, the WLAN networks ensure
the largest operating range (a few hundreds meters) but they require quite a lot of en-
ergy. The Wi-Fi technology implemented in medical equipment does not have to be
most appropriate. It results from its original designing, i.e., organizing networks in
charge of Internet standards together with all typical LAN applications. The WLAN
networks were optimized differently than wireless personal area networks (WPANSs) and
they offer slightly other possibilities. Their basic task is, first of all, to cooperate with
computer platforms.
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2.5. IEEE 802.15.3 STANDARD

802.15.3 standard based on the UWB (ultra wide band) technique gives us more
opportunities. It makes use of 3.1 ... 10.6 GHz frequency band, in which very short-time
pulses of only a few picoseconds are sent. Lately the UWB technique has been applied
in WLAN as well as in WPAN networks ensuring high data rates. The achieved bit rates
are approximately inversely proportional to the transmission range and, for example,
they equal 22 Mb-s™ at 100 m distance, 55 Mb-s™ at 50 meters and 125 Mb-s™ at 20 m
(based on Pulse-Link experience [13]). High channel throughput will allow moving pic-
ture transfer (e.g., operation monitoring), which the Bluetooth telecommunication sys-
tem certainly will never be able to guarantee. The raised 802.15.3 parameters result in
unprecedented high power consumption in comparison to the Bluetooth technology, thus
a device designer ought to consider 802.15.3 application carefully.

3. BENEFITS OF THE BLUETOOTH TECHNOLOGY

Despite the co-existence of many alternative wireless connectivity techniques for
short-range distances, the Bluetooth technology has already reached its stable position
on the market of commonly used electronic equipment. Apart from its very differenti-
ated applications dedicated to wide range of consumers, the Bluetooth can also be em-
ployed in other fields to construct specialized devices, including biomedical devices.
Analyzing telecommunication systems described earlier, we can find at least a few ad-
vantages of using the Bluetooth technology, rendering it especially adequate for imple-
mentation in some situations.

The Bluetooth, as a typical radio system, overcomes easily wireless IrDA connec-
tivity technique exploiting infrared radiation as a transmission medium, which is very
inconvenient in using, because this technique requires maintaining direct “eyeing” be-
tween transceivers. Considering the application of the IrDA technique in medical
equipment, this condition seems to be really inconvenient. In comparison with the mod-
ern ZigBee communication system designed mainly for steering and control systems, the
Bluetooth technology turns out undoubtedly more energy consuming, however, it offers
one order higher throughput than the ZigBee. In turn the HomeRF technique, long-
distance Wi-Fi networks as well as new [EEE 802.15.3 standard triumph over the Blue-
tooth technology with respect to achievable bit rates. Unfortunately, incomparably large
power consumption of these systems, optimized from a completely different perspective,
is a price we pay for high throughput, so their implementation in portable biomedical
devices would call for some discussion. From this point of view the Bluetooth technique
is definitely more flexible as a device designer has the possibility of choosing transmitter
power class accurately for a specific case.

The Bluetooth standard cannot be regarded as closed. [t undergoes constant im-
provements, which are proved to be at the cutting-edge of specifications, the number of
which has already reached nine. The most significant changes have been introduced in
the last one as the Bluetooth link throughput has been considerably raised with the aid of
optional differential phase modulations — 7/4-DQPSK and 8-DPSK. Thanks to this un-
dertaking the throughput of asynchronous channel increased 3 times. while of synchro-
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Undoubtedly, the system presented in Fig. 2 could be strongly simplified. Assum-
ing that nowadays everyone has a mobile phone, including people with impaired hearing
as they often use the SMS technique for communication. a possibility of incorporating
the hearing aid into the phone should be considered. From a technical point of view it is
certainly feasible without any considerable increase in production costs of mobile
phones because processors of such phones can handle quite easily processing of signals
from the microphone matrix. In this way the remote controller. typical for the hearing
aid, could be entirely eliminated. Of course integrating the hearing aid with a cell phone
would cause many software changes but only one hardware modification, namely adding
an advanced microphone matrix to the phone.

Mobile Hearing Aid
phone
DSP
Bluetooth Bluetooth

Fig. 3. Integrating a hearing aid with a mobile phone
Rys. 3. Integracja aparatu stuchowego z telefonem komorkowym

Moreover, the transfer of adequately formed acoustic signal to an earphone, which
could occur by means of the Bluetooth technique as the FM transmission, has also some
limitations. For instance, it has only scores of programmable channels at disposal. This
feature can generate interference when a lot of hearing-impaired people use the same
type of supporting system within the same area. An application of the Bluetooth tech-
nology would resolve this problem, because it allows theoretically up to 79 Bluetooth
devices to operate in the vicinity. Fig. 3 illustrates the proposed concept of the direct
communication of digital hearing aid (the carphone) with a mobile phone. Obviously,
the hearing aid has to be equipped with the Bluetooth radio module. Proposals of the
Bluetooth technology employment in the hearing systems can be found in several pro-
jects, e.g., in the European 5th Framework “BlueEar” project [15].

4.2. ORIENTATION-AID SYSTEM FOR THE BLIND

The Bluetooth technology may turn out to be unequalled in supporting the blind
people moving within the city area. Because of the range limited to ten meters (in the
case of transmitters produced according to the 3rd power class) the Bluetooth communi-
cation technique is perfectly suited for this kind of purpose and soon may become the
key element of remote orientation systems of the blind in the city area. The main task of
such systems is providing the blind people with information about their current position,
and also about the possible barriers appearing nearby.

The concept of orientation-aid system based on the Bluetooth technology assumes
placement of a number of special Bluetooth transmitting units, emitting previously re-
corded voice announcements in significant town locations, namely at crossroads, at pe-
destrian crossings, at public transport stops, as well as near more important facilities and
even shops (Fig. 4). A blind person equipped with a special Bluetooth receiver with
a headphone (instead of a loudspeaker) or with a device miniaturized to a typical wire-
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4.3. SPEECH-AID SYSTEMS

The analysis of the Bluetooth employment in the realization of speech-aid systems
is justifiable for obvious reasons exclusively in the case of digital systems. The aim of
incorporation the Bluetooth technique into speech-aid systems is improvement of their
functioning or comfort of their usage. Because of the complexity of such systems and
inclusion of many components (e.g., a microphone, a proper processing unit, a loud-
speaker with an amplifier), the incorporation of the Bluetooth technology can prove to
be very practical and undoubtedly making the usage of such devices easier.

From the point of view of properties and transmission parameters required for the
speech-aid systems, the Bluetooth technique, although not unlimited, is perfectly useful.
Its minimal range up to 10 meters for the transmitters produced in the 3rd class of pro-
tection, is perfectly enough for stable connectivity between the parts of the aid device as
in the majority of cases, they are very close to each other. The minimum bit rate of the
Bluetooth synchronous channel used for transferring sound (mainly voice) amounting 64
kb-s"' may seem to be some kind of a limit. However, it is not a critical parameter, as in
the assumptions, the task of speech-aid systems is not to emit sounds of a very high qual-
ity but the sound comparable with a voice in a telephone conversation or from some
wireless. The bit rate of 64 kb-s' meets exactly those requirements and results from the
limited acoustic band up to 4 kHz, and consequently from sampling rate of 8 kSam-
ples-s™ and 8-bit representation of every sample [8]. In case this bit rate was not enough,
Bluetooth modules produced according to 2.0 +EDR specification, ensuring several
times higher throughput of the synchronous link (864 kb-s™ for 3-EVS5 packets [1]),
should be used.

Another issue is the choice of couplings, which could be replaced by a wireless
link. Therefore, some general cases including the most probable technological solutions
should be considered here. If the method of the speech supporting bases on residual or
distorted acoustic signal emitted by the patient, received with the use of a microphone
placed near the mouth, or if in the processing other information coming from other
measuring sensors placed near the mouth or the larynx are used (e.g., microwave or ui-
trasonic sensors, which monitor the setting of vocal tract elements), it seems to be rea-
sonable to eliminate the link between the microphone or other sensors and the main
processing unit itself. Elimination of this cable link will undoubtedly make the usage of
speech-aid systems easier, because similar links, for example of a mobile phone and
headset, are particularly troublesome for their users.

Replacement of a cable microphone with a wireless one is relatively easy. All we
have to do is to reach for a wireless Bluetooth headset, which is designed especially for
mobile phones. The examples of such headsets are shown in Fig. 5. However, if in prac-
tice, the headset microphone moved a little off the mouth does not live up to the expec-
tations, it is advisory to change its position or even the type of the microphone. If other
kinds of sensors, for example microwave or ultrasonic sensors, are assigned, it will be
necessary to adjust a miniature circuit encoding the received signals and cooperating
with the Bluetooth transmitting module. Perhaps in such a case, it will be necessary to
transmit data through the asynchronous channel because of the required higher bit rate.
Figure 6 presents an example of the complete Bluetooth radio module. it has two high-
rate communication ports (USB, UART), a PCM codec interface and could be used in
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BLUETOOTH A INNE SYSTEMY EACZNOSCI BEZPRZEWODOWEJ
KROTKIEGO ZASIEGU ZASTOSOWANE DO TRANSMISIH SYGNALOW
W URZADZENIACH BIOMEDYCZNYCH

Streszczenie

W artykule dokonano poréwnania cyfrowego systemu lacznosci bezprzewodowej
Bluetooth z innymi wspotczesnymi technikami komunikacyjnymi krétkiego zasiggu
pod wzglgdem mozliwosci ich zastosowania w urzadzeniach biomedycznych. wyka-
zujac przewage technologii Bluetooth do tych zastosowan. Ponadto przedstawiono
kilka ciekawych propozycji implementaciji technologii Bluetooth w systemach wspo-
magajacych osoby niepelnosprawne. Jeden z takich systemow — wspomagajacy mowg
— zostat opracowany przez autorow.

Stowa kluczowe: Bluetooth. IrDA. ZigBee, HomeRF. Wi-Fi. urzadzenia biomedyczne
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Description of the properties of stochastic oscillation in terms of probabilistic charac-
teristics of the periodically correlated stochastic processes and their generalizations is
presented. General approach to the problems of estimation of these characteristics on
the basis of natural data is considered. possible estimation methods are analyzed and
the results of investigation of hidden periodicities are given.
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1. INTRODUCTION

Both rough recurrence and stochastic are characteristic feature of time change-
ability of many physical processes. Recurrence of the oscillations property - rhythmic —
can be caused by both the effect of external forces (forced oscillations) on a given sys-
tem and results from the internal interrelations {eigen oscillations) existing in systems.
Rhythmical processes are encountered in many spheres of science and engineering in-
cluding radiophysics, geophysics, oceanology, meteorology, climatology, vibrodiagnos-
tics, hydroacoustics, biology, seismology, economics, telecommunication etc.

Processes which are caused by astrophysical factors, should be noted among all the
diversity of forced oscillations occurring in nature. These are: the annual and diurnal
oscillations of geophysical, oceanological and meteorological quantities [1], which are
the result of the earth's revolution around the sun and rotation of earth round its axis of
the equator; the tidal oscillations of the sea level, the earth’s crust, sea currents, internal
waves whose polyrhythmic are caused by the polyharmonic character of the potential of
tideforming forces. Among the autooscillation processes we should note the oscillations
in autogenerators of various physical nature [2-5], signals of geomagnetic pulsations
[6, 7], vibrations [8], oscillations in biological systems (biorhythmic) [9].

A certain model of mathematical oscillations is the methodological base for inves-
tigation of the oscillation processes structure on the basis of experimental data. In the
pioneering investigations of rhythmic, the evident advantages were given to determinis-
tic conception which is based on models in the form of periodical functions. The aspira-
tion to take into account random features of oscillations encouraged the development of
probabilistic methods that consider phenomena as stationary random processes. Within
the framework of such an approach, rhythmic features of physical processes manifest
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themselves in an oscillatory behavior of correlogram and existence of several peaks of
the estimates of the spectral density. However. these characteristics describe the average
properties of processes and do not provide information on their temporal structure,
which can be determined, though in an idealized form. with use of deterministic models.
Natural combination and development of these two approaches give rise to a concept
that represents probabilistic models as periodically correlated random processes (PCRP)
and PCRP-related processes (bi-, poly-, and almost periodically correlated). Such mod-
els generalize the notion of the recurrence to situations where stochasticity plays a sig-
nificant role. These models provide an opportunity to describe the structure of rhythmic
variations more thoroughly and objectively and include the abovementioned models as
particular cases. The PCRP model allow us not only to analyze processes using special
methods characteristic of each model, but also to investigate the different phenomena in
common terms for all models.

In this paper we consider probabilistic characteristics of periodically non-
stationary probabilistic models. analyze the properties of such models and develop the
general approach for the estimation of such characteristic from the empirical data. We
analyze the methods of statistical estimation and present radically new results of the in-
vestigation of hidden periodicities.

The manuscript presents a survey of results of the author and his colleagues’ inves-
tigations realized at Karpenko Physico-Mechanical Institute of National Academy of
Sciences of Ukraine in Lviv, and at University of Technology and Life Sciences in By-
dgoszcz.

2. PERIODICALLY CORRELATED RANDOM PROCESSES AND THEIR
GENERALIZATIONS AS PROBABILISTIC MODEL OF STOCHASTIC
OSCILLATIONS

The methods of periodically correlated random processes and their generalizations
extend our capabilities for understanding the regularities of stochastic oscillations.
These methods provide additional opportunities associated with the description of the
properties of oscillations in terms of time-varying probabilistic characteristic. Within
the framework of the second order theory, the hidden periodicity of physical processes
is manifested as periodic temporal variations of the mean and the correlation function:

m(t) = E¢(t).
b(t,u) = EE(¢)E(t+u) =b(1+T.u), (1)
£()=¢(0)=m(0).

The properties of (1) define the class of PCRP.

Apparently, the first mathematically correct definition of PCRP was given by L.L
Koronkevich [10]. This definition is applicable to the description of the properties of so-
lutions for differential equations with periodic coefficients and random right-hand sides.
The possibility of using such processes to describe stochastic oscillations was also men-
tioned by R.L. Stratonovich (11) (see also the review [12]). Several papers [13-15] con-
sider transformations of periodically nonstationary and periodically correlated signals.
Correlation and spectral properties of PCRP were studied by S.M. Rytov [5}], E.G.
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Gladyshev [16], L.I. Gudzenko [17], H. Ogura [18], A. Papoulis [12], L. Franks [19],
W. Gardner and H. Hurd [80, 81]. Gudzenko employed PCRP to analyze fluctuations in
autooscillation systems. Rytov [5] indicated the possibility for applying PCRP to study
noise in cyclic remagnetization. A.F. Romanenko and G.A. Sergeev [22] pointed to the
adequacy of employing the PCRP methods to describe a turbulent flow of water near
a ship screw propeller and to investigate temporal variations in the electric-power con-
sumption and physiological changes. Ya.P. Dragan [23-27] developed the fundamentals
of the PCRP theory with a limited average power. In collaboration with K.S. Voichi-
shin, Dragan also applied the PCRP model to formulate certain general properties of the
stochastic model of rhythmic [28-32]. Voichishin [33] made the first attempts for using
this model to analyze daily rhythmic variations in certain geophysical processes. Dragan
and [.N. Javors’kyj extended this approach to study the properties of wind waves [34].
In both cases, the estimates of the mean and variance were analyzed. Note that, in ear-
lier studies, the PCRP model, which was understood even in a more comprehensive
sense (with use of histograms and estimates of the correlation function), was applied to
investigate daily variations in the temperature and humidity of the air and the soil tem-
perature [35-40]. An analogous modification of this model was used to study diurnal
and seasonal changes in meteorological processes [35]. P.Ya. Groisman [41] considered
the periodic correlation of precipitation series.

However, the systematic application of the PCRP model for analysis of rhythmic
signals was limited mainly because of the absence of an appropriate procedure of data
processing. Papers [2. 6. 7. 43-115] were devoted to the development of such a proce-
dure and application of this method for the investigation of the structure of rhythmic
variations in physical processes.

Within the framework of the PCRP model of rhythmic, the mean describes the
regular periodical oscillations, the variance characterizes the periodicity of the power of
fluctuations around this regular behaviour and the correlation function describes the
character of periodic changes in correlations between the values of fluctuating parame-
ters at various moments of time separated by equal time intervals.

If we assume that the PCRP mean and the correlation function are absolutely inte-
grable within the interval [0, T}, then these characteristics can be represented in Fourier
series:

2 2
2z 2x
th——1t —t

bl ik
m(t)y=Y"me T, b(t.u)=) B (u)e T , )
keZ keZ
where |m, — 0| and |B,( () —> OI as k — oo .The coefficients m, and B, (u) (the latter
coefficients are referred to as correlation components) quantitatively characterize the
waveforms of the periodic curves representing the mean and the correlation function.
The correlation components B, (u) satisfy the equations:

B, (-u)= B, (zl)elr’—"" , B (u)=B(u). 3)
The zero™ correlation component is an even B, (-u)= B,(u) and positive-definite

function. In other words, this component have all the properties of the correlation func-
tion of a stationary random process.
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The representation of the PCRP in terms of stationary connected components [18,
23, 25]:

>
2z
th—1

()= & (0" @

keZ

is important for understanding the structure of PCRP as a model of stochastic oscilla-
tions. As can be seen from expression (4), PCRP can be represented as a sum of ampli-
tude and phase-modulated harmonics, whose frequencies are multiple of the fundamen-

S 2 .
tal oscillation frequency @, = Eas Comparing (2) and (4), we find that the components
m, coincide with the mean of stationary random processes &, (t) The autocorrelation
functions of these processes D, (u)=E &, (t+u)&, (¢) determine the PCRP zero™ cor-
relation component:
w2
T H

B,(u)=Y_D, (u)e

keZ

(%)

The cross-correlation functions of components whose numbers are shifted by /
determine the /™ correlation components:

~lk2—'1u
B/(u)zkzDth (u)e r. (6)
eZ

As can be seen from the representation (4), the PCRP model covers various sim-
pler models of rhythmic variations, including the additive model &(¢)=n(t)+ 1 (),

where 7(¢) is a stationary random process and f(t) is a periodic function; the multi-
plicative model  &(r)=n(¢f)f(¢); and the additive-multiplicative model
E(6)=g(6)+n(t) f(r), where g(t) is a periodic function. The first model is often

used in hydrometeorological studies. The second and third models are mainly applied to
describe variations in the variance, that is, in the power of fluctuation oscillations [116,
117].

The PCRP variable spectral density f(w,f) is a complex function:
f(o.t)=Re f(w,t)—ilm f(w,t). Its real part is determined by the cosine transform
of the even part of the correlation function:

=x

Re f(w.t)= i J.b‘ (¢.1)cos wudu (7

0

whereas the imaginary part is given by the sine transform of the odd part of the correla-
tion function:

%

Imf(a),t):ij.b" (t.u)sin wudu . (8)
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The real and imaginary parts of the spectral density are even and odd functions of
the frequency, respectively:

Re f(-w.t)=Re f(w,t), Imf(w,t)=—Imf(-o,).

Since
b(t,u)= 2]-[Ref(w,t)cosa)u— Im f(@,t)sinou |du,
0
for u =0 we have:
b(1.0)=2 [Re £ (w.t) doo. ©
0

This formula allows us to provide a physical interpretation of the function
Re f(w,t). Since b(t,0) characterizes the instantaneous power of the process,
Re f(@,t) describes the distribution of this power in the (,¢) plane. The integration

of this quantity with respect to all the relevant frequencies yields the value of the power
at a given moment of time ¢. However, we cannot interpret this quantity as the power

spectral density because this quantity is not necessarily nonnegative for all (a),t), al-
though, similarly to the spectral density of a stationary random process, this function is
even. For b(1,0) = const , expression (9) is reduced to the well-known relation for sta-
tionary random processes. Then Re f(w,f)= f (@) is the power spectral density. This

function can be interpreted in terms of energy characteristics for the so-called quasi-
stationary random process, when the rate of the variation of the correlation function, due
to the lag is much higher than the rate of temporal variation of this correlation function.
Such a quasi-stationary behaviour may also occur in the case of PCRP. Then, we have

Re f(e,1)20, and we can consider this function as the power spectral density. Gener-

ally, we cannot use this physical interpretation. As can be seen from the formula
. 1 . . . . .

b ([,u):;[b(t, u)—b(t—u,u)] , if the correlation function rapidly decays with the

growth in the lag and displays only small variations in the argument ¢ within the inter-

val [1—u,1], then &°(t,u) is small. Hence, the function b°(¢,u) can be used to charac-

terize transient processes, and Im f (a),t) describes the properties of such processes in
the frequency domain.
The variable spectral density f(aw,t) is a periodic function of time. The ampli-

tudes of harmonics of this function determine the spectral components f, (a)) :

f(o.t)= ka (a))elk%’ .

keZ

These components are defined by means of the Fourier transform of the correlation
components:
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l ¥ — o
fk(a;)z—jBk(u)e du . (10)
2r
If the correlation components are absolutely integrable, then f, (a)) is continuous

for all we R and Iﬁ((a))—>0| as @ — *oo.

Using expressions (3) we derive:

/1 (@)=7, (), ﬁ(—w)=ﬁ(w+k27”)-

The zero™ spectral component f, (@) is a real even function and £, (®)>0 for
allw e R. This conclusion is rather natural because f, (@) is the Fourier transform of

the zero" correlation component B, (u), which coincides with the correlation function

corresponding to the stationary approximation of PCRP. The zero™ spectral component
describes the frequency distribution of the average power of oscillations, whereas
higher order spectral components characterize frequency properties of cross-correlations

& (1) of modulating processes.

Vector PCRP are natural probabilistic models of rhythmic variations of vector
physical quantities. The mean of vector PCRP are described by periodic vectors
m (t)=m,(t+T), whereas correlation functions &, (s,u) and spectral densities

A (a),t) are given by periodic dyad tensors. Similarly to vector stationary random pro-
cesses [1, 118], the properties of vector PCRP can be described in terms of the invari-
ants of tensors b, (t,u) and f, (@,t) [58]. These invariants unambiguously characterize
the correlation and spectral structure of vector random processes regardless of the
choice of the coordinate frame.

More sophisticated models of rhythmic variations are based on bi-and poly-PCRP,
which describe both the interference and nonlinear interaction of oscillations with dif-
ferent periods. To analyze modulation effects in the PCRP model, we should represent
a PCRP as a series (4). Then, the interaction of two rhythms gives rise to a process:

£(n)=2 &, ()™,

1.keZ

2 2 . .
where A, =kTﬂ+ j—z. The mean and the correlation function of such process,
i

2

which is referred to as the bi-PCRP, are written as:

m([): Z mklelm,' , b(t,u)= Z Bk, (u)em‘,l )
1hez 1.keZ

The mixed components of the mean m,, and the correlation function B, (u) char-

acterize the modulation interaction of the £ ™ and ;™ harmonics. The structure of ma-

trices representing these quantities is indicative of the presence of bi-rhythmic varia-
tions of a certain type.
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that occur in the atmosphere and ocean are essentially nonlinear. Therefore, it is doubt-
ful whether we could represent the temporal variations of the quantities under consid-
eration as mutually independent regular seasonal changes and random fluctuations. The
PCRP model is based on the assumption that the relevant processes are interdependent.
Obviously, the substantiation of the concept related to this model should be based on
empirical data, and we should examine PCRP methods of statistical analysis adequate to
the problem under study. Initial approaches to this problem were indicated by Gudzenko
[17, 119], who demonstrated that it is possible to estimate the mean and the correlation
function either by evaluating appropriate Fourier components or by analyzing the counts
sampled through a time interval equal to the correlation period. The first method is re-
ferred to as component and the second is called coherent. Dragan [3 1] thoroughly inves-
tigated the properties of PCRP sequences of counts. Based on the periodicity on the av-
erage, Dragan also substantiated the applicability of such sequences for statistical esti-
mation of PCRP characteristics [26]. Subsequent stages in the development of the
methods of PCRP statistics [2, 6, 7,43-115] involved the solution of problems of estima-
tion theory in the context of the systematic development of the means for statistical
analysis of empirical data.

Evidently, the coherent and component methods of estimation can be deduced
from the periodicity of the probabilistic characteristics of PCRP. Coherent estimates for
the mean and the correlation function are written as:

rh(t)z%‘g‘;f(t+nT),

N-1

5(t,u)=%;[f(t+u+nT)—r?t(t+u+nT)J[§(t+nT)—r?l(t+nT)J .

Component estimates for the mean and the correlation function are based on the
estimates for the components of the relevant Fourier series, i.e.:

w()=3 e’ T (12)
l;(t,u)z Z lg’,(u)e"—’_{r’ , (13)
where:
. 15 e
m,=56‘-§(t)e T dt, (14)
B ()= l6@)-AO][(+u)=(va)]e T ar. (15)

In formulas (12) and (13), &, and N, are the numbers of components estimated
for the mean and the correlation function, respectively.
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The estimates for the mean and the correlation function of PCRP based on coher-
ent averaging of the counts sampled with a time interval equal to the correlation period
T employ only one value of the process within the period. Statistics (12) and (13) are
based on all the values of the relevant continuous realization. Therefore, if the correla-
tion function of a PCRP displays considerable changes within the interval equal to the
correlation period, then, for a given the realization length, component estimates are
characterized by a smaller variance that coherent estimates. This advantage of compo-
nent estimates is especially important if the number of components of characteristics be-
ing evaluated is small because the variance of the component estimate increases with
the growth of this number.

Coherent and component methods of estimation of probabilistic PCRP characteris-
tics can be considered as particular cases of a more general method of estimation — the
method of linear filtration (2, 51, 68):

rh(t)z?”(t—r)h(r)dr, (16)
l;(t,u)zf]‘%(t+u—r)%(t-—r)h(r)dr. 1)

If the condition:

0

Ih(r)e

0

-1

2z
“T'dr =1, k=—N,_N, (18)

is satisfied, then Em(t)=m(t), i.e., (16) provides an unbiased estimate. Suppose that

h(z) is a periodic function, A(z+T)=h(z). Then, we can write:

2z
h(r) = ZhlelTr
lez

Hence, with allowance for (17) with 6= NT, we find that 4 =6 . Expressions
(16) and (17) in this case are transformed into the formulae for coherent estimates. If the
number of harmonics is finite, the function A(7) describes the impulse response of
a component filter. Thus, the class of estimates described by (16) and (17) with a peri-
odic weight function A(z) is completely covered with coherent and component esti-

mates.
The frequency characteristics of the coherent and component comb filters are
given by:

wl
ﬂT(N -1)

-t
H(w)=e ? sinw%T(ZﬂNsin%T)

and
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Mo 0a2E)2 -
H(a))zL e (o) sin(w—k%{—[-)g[(w—kz%)g} ,

27

respectively. The component filter is characterized by a lower level of side lobes as
compared with the coherent filter and by a finite number of transmission bands. The
number of these bands is determined by the number M of components being estimated.
The above-specified properties of the filters mainly account for a higher reliability of
component estimates. The difference between component and coherent estimates van-
ishesas M — 0.

The better quality of component estimates is due to the use of apriori data con-
cerning the number of components of characteristics being estimated. One can employ
apriori data concerning the correlation structure of the PCRP to find more efficient es-
timates. One of the possible ways to improve the estimation efficiency is to choose op-
timal linear filter [70]. In particular, the minimum, on the average, variance of estimates
can be achieved with the use of a linear invariant filter, and the minimum variance for
an arbitrary moment of time is achieved by means of a filter with periodically varying
parameters.

The spectral properties of the PCRP are characterized by a two-frequency spectral
density. For the considered class of processes, the spectral density is concentrated only

. . 2z ..
along the straight lines @, = @, - k—]—; . Therefore, we can reduce the empirical spectral

analysis of PCRP to the estimation of components fk (a)) or the variable spectral den-

sity f (a),t) whose Fourier expansion involves these components {2, 81, 85].

We can form the statistics of the variable spectral density and spectral components
using expressions (7), (8), and (10). Similarly to the spectral analysis of stationary ran-
dom processes, we can derive consistent estimates by smoothing correlograms:

Fen)= glgf B(1,u) k()€™ du,
(19)

fnk ()= L j [}k (u)k(u)e™ du.
2r

iy,

The correlation window & (u) is an even function k(-u)= k(u) and k(0)=1.

For |u|2u, where u, is the point of correlogram truncation, &(u, )=0. For a given

realization length 6, the variances of the estimates (19) decrease with the narrowing of
the correlation window. Fluctuation components of estimate biases should display
a similar behaviour. However, by increasing #, we can reduce the bias components that
determine the resolving power of spectral analysis. Such contradictory tendencies in
variations of estimate characteristics impede the choice of parameters & and u,. For
PCRP with known or preset characteristics, we can ensure a substantiated choice of
these parameters from evaluated characteristics of the statistical accuracy of estimation.
The employed approach allows us to provide recommendations for processing PCRP
realizations of specific types. This approach is favourable for revealing general proper-
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ties of spectral estimates. Note that the results of comprehensive investigations of the
properties of spectral estimates for stationary random processes (e.g., see [90-94]) pro-
vide the basis for the empirical spectral analysis of PCRP at the initial stage of studies.

The methods of coherent and component estimation are also suitable for the statis-
tical analysis of PCRP-related processes, such as vector-PCRP, bi-PCRP, and poly-
PCRP [60, 67. 69.77]. However, generally, characteristics of bi- and poly-PCRP can be
estimated only with using of the component method. Coherent averaging is applicable
only when data sampling is performed with a small time interval that contains an integer
number of periods of other rhythms. If this condition is not satisfied, then we can em-
ploy coherent data sampling, where the realization length cannot be matched with time
scales of variations in probabilistic characteristics, only to estimate additive compo-
nents. If we can separate time intervals that include a sufficient number of smaller peri-
ods and temporal variations of characteristics corresponding to the larger period are
insignificant within these intervals of time, then coherent averaging within such time
intervals allow us to evaluate sliding estimates for the characteristics of bi- and
poly-PCRP with a satisfactory accuracy. Such an estimation procedure assumes that
these generalizations of PCRP can be represented as PCRP with slowly varying charac-
teristics.

Both coherent and component estimates of the characteristics of polyrhythmic pro-
cesses are biased, and their biases are determined, to a great extent, by the difference of
the relevant correlation periods. If this difference is small, then, to ensure the required
resolving power, we should choose the processed realization fragment in such
a way that its length should be much greater than that required to ensure the smallness
of biases when each rhythm is processed separately. It is not always the case that we can
meet this requirement. Then, we encounter an urgent problem of using processing
methods with a higher selectivity [72, 78, 107, 111-114], in particular, the least-squares
method. For PCRP the class of least-squares estimates with & = NT coincides with the
class of component estimates.

Above, we considered the properties of continuous estimates of probabilistic char-
acteristics. In the overwhelming majority of problems of practical importance, we deal

with time series that consist of discrete sequences of values &(nh), where h is the

sampling interval. We should analyze the influence of the sampling interval on the es-
timation quality both from the viewpoint of revealing reliable changes in the estimates
for the mean, correlation function, and the spectral density in time domain and in the
context of the possibility to make reliable conclusions concerning the dependences of
the corretation function and correlation components on the lag and the sensitivity of
spectral characteristics to the frequency. To obtain intermediate time-domain estimates
with using the coherent method, it would be appropriate to employ a trigonometric in-
terpolation [59]. Interpolated estimates are unbiased if the sampling step 4 satisfies the

condition A <

YITh where M are the numbers of higher order components of char-
2M +

acteristics being evaluated. Simultaneously, this condition ensures the unbiasedness of
sample estimates for the components [57]. If this condition is not met, component esti-
mates are perturbed by the effect of overlapping. The variances of estimates depend on
the correlation properties of PCRP. The sampling interval should be chosen in such
a manner as to ensure the smallness of the differences between the reliability of discrete
estimates and the reliability of the corresponding continuous estimates.
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If the correlation period is not multiple of the sampling interval 4, then we should
apply the component method of estimation, because coherent data sampling in such
a situation would result in the accumulation of errors. The use of the component method

simultaneously solves the interpolation problem. For A < T the relation between

the qualities of coherent and component discrete estimates is close to that characteristic
of continuous processing [86].

If the sampling interval is not matched properly with the temporal structure of
a PCRP, then the sample estimates of spectral components are also distorted. In this

case, the estimates of the components f,(w) take the values f, , (@), geZ,

L =T/h . The estimation of the spectral components can be also accompanied by addi-
tional errors due to the overlapping of the values of the same component at the frequen-

. 2krx . . N
cies a)tA—, ke Z, where Au is the lag discretization interval. To reduce these er-
u

rors, we should choose the corresponding step Au . These errors are insignificant if Awu
is reduced to such an extent that the values of the spectral components at the frequencies

2k . . . .
a)iA—” are sufficiently small. The step Au also influences the variance of the esti-
u

mates. If the values of the spectral characteristics are large outside the interval

T .. . . 3 .
[—A—,—A—:| , then the statistical accuracy of discrete estimates is considerably lower
u Au

than the accuracy of continuous estimates.

To eliminate overlapping errors arising when we process time series using the bi-
PCRP methods, we should match the sampling step with the numbers of highest order
components for both correlation periods. Naturally, evaluating the estimates for the
mean and the correlation function, we should satisfy different requirements to the sam-

pling step. If this step is such that A < I and A< I , where N, are the num-
2N, +1 2N, +1

bers of highest order components for each of the periods, then the errors that arise when

continuous averaging is replaced by discrete averaging are determined by the difference

between the relevant integral transforms of the correlation components and the corre-

sponding integral sums for the given sample step.

In many situations that occur in reality, time intervals that separate different values
of series of empirical data are not only variable but also random. This circumstance ne-
cessitates the construction and investigation of PCRP statistics in the case of stochastic
discretization. Analysis of such series can be based on the modified coherent and com-
ponent methods (59,66). If the values of a time series are obtained in the so-called sta-
tionary discretization regime, then both of these methods provide estimates whose qual-
ity is only slightly lower than the quality of estimates evaluated from equidistant time
series. In such a situation, the component method displays a higher sensitivity to the de-
viations of the properties of discretization flows from the stationary flow.
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4. DETECTION OF HIDDEN PERIODICITIES

To apply the methods of statistical analysis based on PCRP and their generaliza-
tions, we should preliminarily determine the correlation periods for the processes under
investigation. In many cases, we can make a decision concerning the values of these pe-
riods based on the analysis of the physical nature of the phenomenon under study. Spe-
cifically, when studying daily and annuai variations of geophysical processes, we can
find an obvious solution to the problem associated with the correlation period. Astro-
nomical factors determine a polyrhythmic character of tidal oscillations of the sea level,
sea currents, and internal waves. In this case, the correlation periods are determined
from the well-known polyharmonic representation of the potential of tide-generating
forces. When we investigate rhythmic variations of stochastic intrinsic oscillations that
occur in various dynamical systems, the problem of determining the correlation period
ceases to be trivial. In such situations, to solve this problem, we should develop meth-
ods of estimation that would be adequate to the accepted models [55, 58, 61, 80, 83, 87,
104, 105].

The problem of the detection of hidden periodicities, which is a classical problem
of mathematical statistics of random processes, was formulated back in the 19™ century
[95, 120]. Initially, the solution of this problem was reduced to the evaluation of pa-
rameters of a periodic or nearly periodic deterministic function. Subsequently, the de-
tection of hidden periodicities was transformed into the problem of searching for reli-
able peaks of the power spectral density for stationary random processes.

In terms of the PCRP model, hidden periodicities do not necessarily manifest
themselves as peak values of the spectral density [2, 121]. Within the framework of the
PCRP model, the detection of periodicities is formulated as a problem of determining
the period of temporal variations in the estimates of probabilistic characteristics of sto-
chastic oscillations, such as the mean, correlation function and variable spectral density.
Such an approach separates the search for the period of regular oscillations from the de-
termination of the recurrence period of correlations.

Based on the representation (4), we can reduce the problem of the determination of
the PCRP correlation period to the problem of parametric estimation. In the case of
a Gaussian PCRP, we can employ the maximum likelihood method. The corresponding es-
timate can be represented in the form of a power series in a certain small parameter & .

T=T,+€eT,+&T,+... . (20)

In the first-order approximation for &, this estimate is unbiased, and the variance
of this estimate coincides with the variance of the efficient estimate. If we increase the
realization length being processed, the parameter ¢ decreases simultaneously with the
accuracy of the first-order approximation. Therefore, the maximum-likelihood estimate
of the period is asymptotically unbiased and asymptotically efficient. The efficiency of
this estimate is due to the use of apriori data concerning the probabilistic structure of
the PCRP. At the initial stage of investigation. such data are usually lacking, which
makes us employ less efficient methods that do not require any apriori information.
Development of such methods can be based on the concepts of the above-considered
methods of coherent and component estimation. Both coherent and component statistics
are characterized by certain resonant properties with respect to the correlation period.
These statistics reach their extreme at points 7' that asymptotically tend to the true val-
ues of the period. Specifically, the functionals of the mean can be written as:
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At = 5o ;’g‘(t+n‘r), @1
ml 19 cos 2z

=— [ Agdt, A, =2, 22
{n%,l} 95"5( ){sin} f oor (22)

mtr)="S iy (r)e™ . (23)

Analogously to relations (21)-(23), we can also define the functionals of the correlation
function [76].
Similarly to the maximum likelihood method, the estimates of the period are de-
termined from the nonlinear equation:
das(z dN
(), , 4V ()

= O,
dr dr

where S(r) and N(r) are the regular and fluctuation components of the functionals

(21)-(23) respectively and £ is a small parameter. Solutions to this equation can be rep-
resented in the form (20). If the correlation function decreases with the growth in the

[ EN*(T)]
S(7)
tends to zero as & — co. Therefore, the estimates of the period are asymptotically unbi-

ased and consistent.

The advantage of the statistics (21)-(23), similarly to the statistics of correlation
characteristics defined by analogy with (21)-(23), is associated with the fact that, in ad-
dition to the correlation period, these statistics allow us to simultaneously determine the
characteristics of PCRP.

The developed procedure for the detection and analysis of hidden periodicities was
employed in the investigation of wind waves, swell, Wolf number series, geomagnetic
pulsations Pcl and Pc3, annual and interyearly rhythmic variations of hydrometeo-
rological processes and vibroacoustic signals. Based on this procedure, we revealed
qualitatively new features of the probabilistic structure of rhythmic variations of the
above-specified processes [2, 6, 7, 51, 83].

The results of our studies clearly demonstrate that the methods for the detection of
hidden periodicities based on functionals (21)-(23) allow us also to make conclusions
concerning the applicability boundaries of models of rhythmic variations in the form of
PCRP and their generalizations. The proposed approach naturally extends the problem
of hidden periodicities searching on the basis of a more logical and comprehensive no-
tion of rhythmic of stochastic oscillations, which, apart from other advantages, removes
a severe limitation associated with the requirement that the considered osciilation proc-
ess should be stationary.

lag, then the small parameter, which is defined by the expression £ =

b
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5. CONCLUSIONS

Relying on the results of the performed investigations, we developed, in collabora-
tion with our colleagues, the fundamentals of the theory of the statistical analysis of
rhythmic signals on the basis of models in the PCRP form and their generalizations.
Within the framework of the spectral-correlation theory of nonstationary random proc-
esses of these classes, we substantiated a general approach to the investigation of the
stochastic recurrence in phenomena of different nature. It is shown that, using the first-
and second-order characteristics of such processes, we can reveal substantial and
closely interrelated features of rhythmic variations, such as the periodicity and random-
ness. Eventually, these features reflect stochastic amplitude and phase modulation of
signals. We developed and investigated the methods for the estimation of probabilistic
characteristics of PCRP and their generalizations, including the coherent and component
methods, the least-squares method and methods of linear filtration. We developed
a general approach to the problems of estimation and construction of optimal estimates
for PCRP characteristics. On the basis of the PCRP model, we developed methods for
the detection and analysis of hidden periodicities. We also created software for the sta-
tistical processing of signals with the stochastic recurrence. With the use of these
means, we revealed previously unknown properties of rhythmic variations of several
physical processes that occur on the Earth, in the atmosphere, in the ocean, in the iono-
sphere and in various technological systems. The proposed parametric models of stochas-
tic oscillations provide the background for the performing and designing of experimental
statistical investigations, simutation and forecasting of various processes and recognition
and diagnostics of the states of dynamic systems that generate these processes.
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MODELE MATEMATYCZNE 1 ANALIZA OSCYLACII
STOCHASTYCZNYCH

Streszczenie

W pracy przedstawiono whasciwosci oscylacji stochastycznych przy wykorzystaniu
charakterystyk probabilistycznych okresowo skorclowanych procesoéw stochastycz-
nych i ich uogélnien. Zaprezentowano ogéine podejscie do probleméw estymacji po-
wyzszych charakterystyk na bazie tzw. danych naturalnych. Przeanalizowano rownicz
mozliwe do zastosowan metody estymacji oraz wyniki badan dotyczacych znajdywa-
nia ukrytych okresowosci.

Stowa kluczowe: oscylacje stochastyczne. okresowo skorelowane procesy stocha-
styczne, metody estymacji, ukryte okresowosci
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EXTENDED PRECISION METHOD FOR ACCUMULATION
OF FLOATING-POINT NUMBERS IN DIGITAL SIGNAL PROCESSORS
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In this paper a novel approach for realization of the floating-point arithmetic using an
original idea referred to as the two-accumulator concept is proposed. The considered
arithmetic operations are typical for various tasks of digital signal processing. The
idea presented in this paper overcomes the phenomenon of reduction of accuracy of
computations in the case of a long series of additions of small numbers successively
added to a relatively large intermediate result. This phenomenon is a substantial
drawback of the classic tloating-point arithmetic.

Keywords: floating-point arithmetic, digital signal processor. accumulator

I. INTRODUCTION

Digital signal processing is a quickly growing part of the modern electronic world.
However, the tast growth and new facilities bring also many problems to the designers
and programmers. One of them is the need of assurance of the maximal accuracy of
computations at the lowest computation cost [7] for both fixed-point as well as floating-
point number representation formats [4, 9, 10]. The IEEE standardized them and de-
fined the floating-point number representation format, which, among other features,
guarantees an extremely large dynamic range. Floating-point computations are widely
used in software and hardware if a high precision of data processing is required [8. 12].
Unfortunately, this representation has also drawbacks. One of the most important of
them is a significant loss of accuracy of the result of long series additions of small
numbers successively summed to relatively large intermediate results.

2. NUMBERS IN THE FLOATING-POINT FORMAT

The well-known and widely used IEEE-754 standard was established in 1985 and
two years later the generalized IEEE-854 standard appeared [5, 6]. Both of them specify
the floating-point number representation formats. Although they are widely used by
companies producing processors and software, non-standard realizations can also be
found (e.g.. in Texas Instruments TMS320C 3x, x families [14]). IEEE-754 standard
brought the so-called single precision (32-bit) (Fig. 1) and the double precision (64-bit)
formats.
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Fig. 1. Floating-point single precision format
Rys. 1. Format zapisu liczb zmiennoprzecinkowych o pojedynczej precyzji

Single precision numbers consists of a sign bit s, 8-bit biased exponent e and the
23 bits of fraction f of the 24-bit mantissa. If the mantissa ts normalized to range <1,2)
the most significant bit (MSB) of the mantissa is equal to 1. It is a hidden bit, i.e., it is
not represented as the physical bit (see Fig. 1).

Apart from special cases the value of the represented number can be computed as
follows [5]:

v=(=102"17(1.f) if 0<e<255 (n

Normalization of the mantissa in the IEEE-754 standard to range <1,2) ensures
unique number representations, but lowers precision of the representation of numbers
near to zero and brings a problem of representation of zero as the lowest absolute value
of the normalized single precision number is equal to:

Limin_ 32600 n = 2! =712 (2)
It can be noticed that L,,, 525, does not depend on the mantissa length. If we allow
the denormalized numbers (i.e., actually fixed-point numbers) defined as:

v=(-1)2"'26(0.1) 3)

we make it possible to represent zero (for f =0) and also extend the precision of the

number representation near to zero. The lowest absolute value of the single precision
number greater than zero is then equal to:

L _ 5126 523 _ 5-149 ()

min_32bit _nn

This equation is valid for single precision numbers only. because it depends on the
mantissa length. If we extend the mantissa to 32-bit (a 40-bit extension of the 32-bit
single precision format) we obtain (5)

L _90-126 531 _ 5-157 )

min_40buit _nn
Most of the contemporary DSPs realize in hardware the single precision arithmetic
at the normalized mantissas. If we want to allow for the denormalized numbers, the
arithmetic unit should be more complicated and it would consume more power. On the
contrary, the commonly used PC software (e.g., Matlab) realizes the double precision
arithmetic and uses (certainly only if needed) the denormalized numbers near to zero.

3. ADDITION OF FLOATING-POINT NUMBERS

3.1. ALGORITHM OF FLOATING-POINT ADDITION

Floating-point addition is a much more complicated operation than the fixed-point
addition. The floating-point addition can be split into four steps:
a) comparison of exponents of the numbers to be added,
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b) equalization of exponents of both numbers. An exponent of the lower number should
be increased together with the right shift of the mantissa. It should be noticed that
during this shifting the hidden 1 (MSB of the fraction) appears as a physical bit,

¢) addition of the mantissas,

d) normalization of the result. If a mantissa of the result remains in range <1,2), it should be
unchanged. If the mantissa is greater than or equal to 2 it should be right shifted by one bit
to the normalized value together with the decrease by one of the exponent.

In case of a negative number or subtraction, the whole process should be realized
as in the addition case except for replacing the addition of the mantissas with the sub-
traction of them. Normalization of the mantissa, which is less than 1 consists in left shift-
ing together with incrementing the exponent.

3.2. SOURCES OF ERRORS

Sources of errors in the floating-point addition described above are in steps b) and d).
An important error is made at the correction step of the fraction of the smaller number
after the equalization of the exponents. In the extreme case, if we assume m-bit of the
fraction and the difference between exponents greater than m+1, the lower number will
be zeroed. The result will stay equal to the greater number and the error ot such addition
will be equal to the lower number. Thus we loose as many bits of the fraction as they are
needed to represent the difference between the exponents of the added numbers.

Mainly because of this, Analog Devices (in the Sharc DSP family) but also other
companies extended the single precision IEEE-754 standard and offer fractions longer
by 8 bits. i.e.. 32-bit long fractions (inciuding the hidden bit) [2. 3].

The second error source is the fraction normalization of the result but this can
bring at most a loss of merely one bit.

Rarely overflow and underflow errors can occur. if the result exceeds the dynamic
range. but these situations should not appear in the right functioning algorithms.

Figure 2a shows an error of a single addition of a small constant to the variable x,
which changes from 0 to 1000. It can be noticed that at each power of 2 (i.e., 128, 256,
512) the error rises. The reason for this phenomenon results from the sources described
above. Figure 2b depicts the total error ot a long series (1 000) of additions (accumula-
tions) of a small constant x = 1.25-10,

3.3. TWO-ACCUMULATOR METHOD

To reduce errors produced during a long series of additions (accumulations) [11],
the authors proposed to use two accumulators. The proposed modified algorithm of the
floating-point addition computes a difference between exponents of the numbers to be
added. If this difference is lower than the given threshold Tr, the input number is accu-
mulated to the first accumulator. Otherwise two following steps are made: the value of
the first accumulator is added to the number stored in the second accumulator and the
input number is moved to the first accumulator. Variations of contents of both accumu-
lators during multiple accumulation of number #,, = 1.25 - 10~ are presented in Fig. 3.
Accumulator 1 works periodically with small numbers, while accumulator 2 stores large
portions of the results. If intermediate results are needed (in most cases they are not) the
contents of both accumulators should be added.
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Fig. 4. Maximal error of accumulation of number I}, = 1.25-107 (a). 1, = 1.25-107 (b) at dif-
ferent Ir

Rys. 4. Maksymalny blad akumulacji liczby W, = 1.25-107 (a). B, = 125107 (b) dla roznych
wartoscei progu I'r

The plot of the accumulation error at the optimal threshold Tr is shown in Fig. 5.
The curve is close to linear, but it contains oscillations visible in the zoomed plot. At the
low threshold (Fig. 6a) the error looks like in the classic adder with only one accumula-
tor (cf., Fig. 2) and the broken line is visible. Large threshold (Fig. 6b) brings more er-
rors in accumulator 1, visible as the local growth of the slope of the error curve.
The three mentioned methods are compared in Table [.
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Fig. 5. (a) Maximal error of accumulation of number 1, = 1.25:-10% at [t =9 and the zoomed
fragment (b)

Rys. 5. (a) Maksymalny blad akumulacji liczby W, = 1.25-107 dla Tr = 9 oraz powigkszon
fragment (b)
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Fig. 6. Error of accumulation of number W, = 1.25- 10° at Tr =3 (a) and Tr=12 (b)
Rys. 6. Blad akumulacji liczby W,, = 1,25-10* dla Tr=9 i Tr= 12 (b)

Table 1. Accumulation of number ¥,
Tabela 1. Poréwnanie metod akumulacji liczby W,

Accumulation method Accumulator length Maximal computation error
Single accumulator 32 bit 2.2:10°
Single accumulator 40 bit 4.3-107
Two accumulators (Tr = 9) 40 bit 8.6:10°
5. SUMMARY

The experiments have shown that the proposed method of two accumulators sub-
stantially extends the precision of the data accumulation. Considerations also point to
the DSP realization of the modified accumulation algorithm. It does not bring important
complications to the digital signal generation software running at the DSP platforms but
brings significantly greater accuracy of parameters. The authors plan to continue this re-
search and to start the design project in order to produce a hardware arithmetical unit on
chip, which will use the presented two-accumulator method on the fly without any inter-
vention of the user.
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